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Abstract. We present a tracking approach for textured surfaceswhich
recovers the object motion in 6 degreesof freedom. We assumean arbi-
trary but known surface shape, and an image of the object at a known
referencepose.We extend the 2-D tracking framework of Hager et al. [1]
to tracking in 3-D and under full perspective projection. The algorithm
is evaluated to ground-truth motion and shows high accuracy. Thanks
to problem-speci�c optimizations we achive tracking at video-rate.

1 In tro duction

Three-dimensionalposeestimation of objects is a recurrent problem in robotics,
computer graphics, and computer vision. Especially applications for visual ser-
voing, augmented reality, and human-machine interfacesbene�t from real-time
tracking methods for arbitrary objects in 6 degreesof freedom(DoF). While the
task seemsto be solved for 2-D motion [1], research is still ongoing in the �eld
of 3-D tracking in video images.

Existing solutions are mainly based on the localization of a-priori known
arti�cial or natural landmarks. Many approaches rely on the correspondence
between edgeson the object and edgesin the perceived intensity image [2],
which aregenerallyabsent for freeform surfaces.Other approachesemploy range
imagescomputed by stereo algorithms [3] with all uncertainties and problems
associated with surfacereconstruction methods. Also optical 
o w coupledto 3-D
surfacemodels is usedfor posetracking [4].

Someapproachesexist which apply a distortion model to a referenceimage
to recover the rigid object movement. Diehl et al. [5] developed a fast method for
tracking of 4 DoF motion of planar objects. Cernuschi-Frias et al. presented in [6]
a model for estimating the parametersof simple parameterizedsurfacemodels.
The approach is basedon an orthographic imaging model and the method has
beenevaluated only for up to 4 DoF geometric surfaces.

The approach of Seppet al. [7] is capableof tracking arbitrary shaped surface
patchesin 6 DoF in stereoimageswithout any prior knowledgeof surfacetexture
and under varying illumination conditions. This universality proves to be com-
putational much more expensive than approachesthat assumea referenceimage
of the object. For instance, La Cascia et al. [8] have developed an algorithm
which determinesa head's poseby minimizing the residual error of the surface



texture seenfrom a single camera to a referenceimage. Their approach di�ers
from [1] in the numerical approximation of the Jacobian matrix of the surface
texture. Also Jurie et al. [9] approximate the Jacobian matrix by using simula-
tions of the surfacetexture under small posevariations. The tracking approach
of Belhumeur et al. [10] requires several imagesof the object taken at di�eren t
posesto establish the basisvectors for an optical-
o w subspace.The coe�cien ts
to thesevectorsare mapped onto a 6-DoF object motion under the orthographic
projection model. Lately, Buenaposadaet al. [11] presented a tracking method
for planar objects under full perspective projection in real-time.

We extend the a�ne tracking model of Hager et al. [1] to arbitrary shaped
objects under full perspective projection. The increasedcomputational require-
ments are tamed by applying problem-speci�c optimizations. Therefore, track-
ing in real-time is achieved not only for planar objects but also for general3-D
shapes.

2 Tracking Framew ork

Our approach is basedon the framework for e�cien t tracking developedby Hager
et al. [1] for 2-D motion. Accordingly, tracking is formulated as a minimization
problem for a least-squaresobjective function.

2.1 2-D Tracking Mo del

Let I (u; t) be a brightness value at image position u 2 IR2 and time t. The
region to be tracked is de�ned by the set of two-dimensional coordinates X =
f x0; x1; ::; xN g. For a vector � 2 M of motion parameters, an image region is
warped to a template

I (x ; �; t) = I (f (x ; � ); t) 8x 2 X ; (1)

where the motion model is expressedby the parametric function f : IR2 � M !
IR2. In the following, the warped image is denoted by the column vector

I( �; t) =
�

I (x0; �; t); I (x1; �; t); : : :; I (xN ; �; t)
� T

: (2)

The goal of the tracking processis to �nd a posevector � wich minimizes the
dissimilarit y betweenthe warped image and the referenceimage, which is

O(� ) =



 I( �; t) � I

�
� 0; t0� 



 2
t > t0 : (3)

A linearization of I around �; t simpli�es this nonconvex objective function (3)
and leadsto the set of linear equations

I � (�; t)T I � (�; t) � � = I � (�; t)T �
I
�
� 0; t0�

� I( �; t + � )
�

; (4)

which has to be solved at every tracking iteration for the pose increment � �
to the previous poseestimation � . Here, I � (�; t) denotesthe jacobian of I and
I( �; t + � ) is the current image warped under the previous poseestimation � .



The e�ciency for solving this system of equations is closely related to the
e�ciency for computing the jacobian I � (�; t). Hager et. al rewrite the jacobian
under the image-constancyassumption I (x ; �; t) = I

�
x ; � 0; t0

�
and obtain

I � (x ; �; t) = I x
�
x ; � 0; t0�

f � 1
x (x ; � ) f � (x ; � ) ; (5)

which is a term independet of the current image. Further simpli�cations apply,
if a factorization

f � 1
x (x ; � ) f � (x ; � ) = � (x) � � (� ) (6)

can be found, where � dependsonly on the surfacepoints and � dependsonly
on the current poseestimate. The set of linear equations (4) then reads

� (� )T �
MT

0 M0
�

� (� ) � � = � (� )T MT
0

�
I
�
� 0; t0�

� I( �; t + � )
�

; (7)

where M0 can be computed at startup basedon the referencetemplate, that is

M0 =
�

I x
�
x0; � 0; t0

�
� (x0); I x

�
x1; � 0; t0

�
� (x1); � � �; I x

�
xN ; � 0; t0

�
� (xN )

� T
:

(8)

2.2 3-D Tracking Extension

In our model, the three-dimensional surfacepatch to be tracked is modeled as
an arbitrary set of three-dimensionalpoints X = f x 0; x1; ::; xN g. The rigid body
transformation for a point x 2 IR3 is described by

g(x; � ) = R(� 0; � 1; � 2) x + t(� 3; � 4; � 5) (9)

where R(� 0; � 1; � 2) is a rotation matrix and t(� 3; � 4; � 5) the translation for the
posevector � = f � 0; � 1; � 2; � 3; � 4; � 5g. A point in spaceis mapped to the image
under the full perspective projection

h(x) =
�

kT
1 � x

kT
3 � x

;
kT

1 � x
kT

3 � x

� T

; K =

0

@
kT

1
kT

2
kT

3

1

A (10)

for the matrix K 2 IR3� 3 of intrinsic cameraparameters.The model f for motion
of the 3-D surfacepoints in the 2-D image plane is de�ned by

f (x ; � ) = h(g(x; � )) : (11)

Note that function f is not invertible and therefore, the 2-D tracking model does
not apply any longer. We examine the derivativesof the surface-texture images

I x (x ; �; t) = I 1(h(g(x; � )); t) � h1(g(x; � )) � g1(x ; � ) (12)

I � (x ; �; t) = I 1(h(g(x; � )); t) � h1(g(x; � )) � g2(x ; � ) : (13)

where I 1, h1, and g1 denote the derivative of the corresponding function with
respect to the �rst argument. Therefore, the counterpart to (5) reads

I � (x ; �; t) = I x
�
x ; � 0; t0�

g� 1
1 (x ; � ) g2(x ; � ) ; (14)



where I x is now a three-dimensional derivative of the surface texture. In our
tracking-model approach, the derivatives for g are

gx (x ; � ) = R(� 0; � 1; � 2) ; (15)

g� (x ; � ) =
�

R� 0 x R� 1 x R� 2 x I3� 3
�

; (16)

where subscript arguments denote the associated partial derivative. Analogous
to (6) a factorization of g� 1

x (x ; � ) g� (x ; � ) can be found, where

� (x) =

0

@
xT 0 0 xT 0 0 xT 0 0 1 0 0
0 xT 0 0 xT 0 0 xT 0 0 1 0
0 0 xT 0 0 xT 0 0 xT 0 0 1

1

A ; � (� ) =

0

B
B
@

s0 0 0 0
0 s1 0 0
0 0 s2 0
0 0 0 R� 1

1

C
C
A :

(17)
Here and in the following, 0 denotesa zero submatrix of appropriate sizeand

si = vec
�
R� 1(� 0; � 1; � 2) R� i (� 0; � 1; � 2)

�
(18)

with vec(:) being the operator which concatenatesall rows of the matrix argu-
ment to a column vector.

2.3 3-D Tracking Optimizations

The matrix M0 in (7) is of sizeN � 30 and � (� ) is of size30� 6, where usually
N � 30. Therefore, the right-hand side of (7) requires the major computation
e�ort. The analysis of the structure of the matrices � (x) and � (� ), however,
leadsto the following optimizations.

First, thanks to the repetitiv estructure of � (x) the matrix M0 canbewritten
as

M0 =
� �L0 j �L0 j �L0 j L0

�
(19)

where the N � 9 matrix �L0 and the N � 3 matrix L0 correspond to

�L0 =

0

B
B
@

I x
�
x0; � 0; t0

�
F(x0)

I x
�
x2; � 0; t0

�
F(x1)

� � �
I x

�
xN ; � 0; t0

�
F(xN )

1

C
C
A ; L0 =

0

B
B
@

I x
�
x0; � 0; t0

�

I x
�
x2; � 0; t0

�

� � �
I x

�
xN ; � 0; t0

�

1

C
C
A ; F(x) =

0

@
xT 0 0
0 xT 0
0 0 xT

1

A :

(20)
Then, considering the sparsity of � (� ), we can substitute on the left-hand side
of (7)

� (� )T �
MT

0 M0
�

� (� ) =

0

B
B
@

sT
0

� �LT
0

�L0
�

s0 sT
0

� �LT
0

�L0
�

s1 sT
0

� �LT
0

�L0
�

s2 sT
0

� �LT
0 L0

�
RT

� sT
1

� �LT
0

�L0
�

s1 sT
1

� �LT
0

�L0
�

s2 sT
1

� �LT
0 L0

�
RT

� � sT
2

� �LT
0

�L0
�

s2 sT
2

� �LT
0 L0

�
RT
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�
LT

0 L0
�

RT

1

C
C
A ;

(21)



where the redundant entries of the symmetric matrix are omitted. Furthermore,
on the right-hand side of (7) we can simplify

M0 � (� ) =
� �L0 s0 j �L0 s1 j �L0 s2 j L0 R� 1

�
: (22)

Sincethe matrices �L0 and L0 are computedonly oncefor the referenceimage,the
above problem-speci�c optimizations reduce the number of operations involved
in the computation of the linear equation system(7) substantially (seeTable 1).

before optimizations after optimizations
#m ult. #add. #m ult. #add.

� (� )T
�
MT

0 M0

�
� (� ) 6480 2462 459 390

� (� )T MT
0 180N 174N 36N 30N

Table 1. Number of 
oating point multiplications and additions for the computation
of (7) prior and after sparcity optimizations. N denotes the number of surface points.

3 Exp erimen tal Results

Weshow in the following two typical experiments with real world surfacepatches.
Our setting consistsof a camerawith a 56:5� horizontal and with a 48:8� vertical
aperture angle, and with known distortion coe�cien ts. The resolution is set to
PAL with 576 lines per 768 columns at 25Hz. The camera is mounted on a
passive manipulator which is synchronized with the capturing device to deliver
the exact position and orientation of the camera.The illumination on the object
is constant as we move the camerawhile the object stands still.

The �rst surfacepatch to be tracked is an 5:7cm� 4cm� 4cm edgeof a book.
The patch is sampled at intervals of 1mm leading to 4756 three-dimensional
surfacepoints.

The �rst step of the experiment consistsof taking a referenceimage of the
surface patch and determining its initial pose. For this purpose, we manually
select4 coplanar points on the surfaceat known object coordinates and employ

Fig. 1. Reference images superimposed by the outlines of the surface patch to be
tracked. Left: surface patch for the book. Right: surface patch for the bottle.
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Fig. 2. Left: history of the mean squared error for an exemplary camera motion of the
book (top) and bottle (bottom). Middle: tracked model points for a rotation close to
selfocclusion. Right: tracked model points in a closeup with an arbitrary rotation.

a least-squaresminimization method to calculate the surface pose. Figure 1
shows the referenceimage with the localized surfacepoints.

Given the referenceimage and referenceposeof the surfacepatch, we bring
the cameraonceagain closeto the referenceposeto start the tracking procedure.

Thanks to our e�ciency optimizations, we measureonly 4 � 5ms for a single
iteration of the tracking algorithm on a standard Pentium4 computer running
at 2GHz. This corresponds to a high tracking rate of 200Hz. The 4 � 5ms also
include the correction of 4756 screencoordinates for the lens distortion with a
polynomial of degree3. We perform 5 minimization stepsper full frame to cope
with the substantial object displacement betweenframes.The remaining time is
usedfor the online visualization.

Figure 2 shows the meansquarederror achieved at the end of each frame for
an exemplary motion.

The secondsurface patch to be tracked is part of the label of an ordinary
1:5l soda bottle. The body of the object is modeled as a cylinder with a radius
of 4:615cm. The patch itself is of size 6:7cm � 6:7cm which is equivalent to a
segment of 83:17� of the cylindrical body. We choose the origin to be in the
center of the surfacepatch with the y-axis pointing to the top of the bottle and
the z-axis pointing in the direction of the surfacenormal. The surfacepatch is
sampledat intervals of 1mm leading to 4624three-dimensionalsurfacepoints.

The accuracyof the tracking results and the pull-in rangeof the minimization
method strongly depends on the objective function in the local neighbourhood
of the true pose. The plots shown in Fig. 3 reveal the precise location of the
minimum of this patch with respect to all parameters for the referencepose.
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Fig. 3. Mean squarederror over the bottle referencepatch plotted around the reference
posefor rotations and translations along the x-, y-, z-axis.

Figure 4 shows the estimated tra jectories of a tracking sessiontogether with
the real movement of the surfacepatch. Real motion is calculated basedon the
referenceposeand the cameramovement asmeasuredby the passivemanipulator
mentioned above. The tracked translation shows a meanerror of 3mm while the
tracked parameters for object centered rotation reveal someoutliers but only a
mean error of 1� over the sequence.
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Fig. 4. Trajectories for an exemplary motion of the bottle surfacepatch. The solid line
depicts the ground-truth motion while the dotted line shows the tracked motion.

Two tracked posesfor each of the exemplary surfacepatchesare documented
in the snapshotsof Fig. 2 and demonstrategood tracking results even for a pose
closeto selfocclusion.



4 Conclusion and Outlo ok

We present an extension of the tracking model of Hager et al. [1] capable of
tracking arbitrary shaped surfacesat a rate up to 200Hzon a standard personal
computer.

The tracking results are validated to ground-truth motion with a passive
mechanical arm which measuresthe cameraposewhile the object remains �xed.
The tracked motion shows a mean residual error of 1� in rotation and 3mm in
the translation parameters.

Currently , our method works primarily in settings with stationary object and
moving camera, that is, under constant illumination conditions. Such settings
are usually encountered in visual servoing applications. Future work is directed
towards the extension to moving objects, where illumination changeshave to
be considered.Since image variation can be decomposedinto poseand illumi-
nation changes[10] the algorithm can be augmented by a simple compensation
algorithm like [1] for complex shapesor [10] for nearly convex objects.
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